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SOME UPPER BOUNDS ON THE SPHERICITY OF GRAPHS
We state a slightly improved version of the JohnsonLindenstrauss lemma [4] . The proof-which is considerably shorter-will be given later.
LEMMA. For an 6 (0 <E < +j and an integer n, let k(n, E)= r9(E2 -2~~/3)-' log nl+ 1. Ifn > k(n, E)', then for any n-point set S in R", there exists a map f: S--t Rk"'zE) such that
In [4] the constant 9 is not specified.
We are going to apply this lemma to the sphericity problem (see [2, 5-81, and also [lo] , where similar problems were considered). The sphericity of a graph G = (V, E), sph(G), is the smallest integer n such that thereisanembeddingf:
V-+R"suchthatO<Ilf(u)-f(u)ll<l ifandoniy if uv E E. An eigenvalue of a graph G is an eigenvalue of its adjacency matrix A(G). I GI denotes the number of vertices of G. Let s=1/(2c-1) and let S={xjeR": i=l,...,n}. Since k(n, E)< 11.58(2c-1)210g IGI < 12(2c-1)210g IGI forc32, applying the lemma, we can conclude that there exists a map f: S -+ Rk(n,E) such that
Thus sph(G) < 12(2c-1)2 log IGI. 1
Reiterman, Rodl, and Siiiajova [12] showed by a different method that if G is a graph with maximum degree d, then Remark. Using a different method we could improve the constant 105 to 7.3; see [3] .
Concerning the sphericity of the complement of a tree or a forest, we have the following. Remark. Recently, Reiterman, Rodl, and siiiajova [13] proved that sph(P) < 6 for every forest F. This result is further improved in [9] to sph(P) < 3.
A SIMPLE SHORT PROOF OF THE JOHNSON-LINDENSTRAUSS LEMMA
Let v be a unit vector in R" and H a "random k-dimensional subspace" through the origin, and let us define the random variable X as the square length of the projection of v onto H.
PROPOSITION.
Suppose t > E > 0, n > k2, k > 24 log n + 1. Then P, = Prob(lX-k/n1 >&k/n) < 2$exp(-(kl)(s*/4-s3/6)).
Proof: First we state a few easy consequences from the above restriction on k, n for later use: Note that to compute the above probability we can reverse the roles and take a fixed k-space H and then a random unit vector v (uniformly distributed on the surface of the unit sphere in R"). Let 0 be the angle between v and H. Then X= cos' 0. Thus the event we are interested in is 0 $ [arccos JjCGji&,
arccos JFm].
Let Vi denote the surface area of the unit sphere in R'. We use the following formula (a proof of which will be given later): 
Using the inequalities
and since k/n < l/20, using the mean value theorem, we have
On the other hand, since f(0) is "unimodal" with maximum value at 8 = arccos Jm, it follows that for t < -t or t > 1, B is less than exp( -(k -1)/12). Hence
Since s<$ and k-1>24logn, (7c/2) exp( -(k -1)/12) < (n/2) exp( -(k -1)(s2/4 -s3/6 + l/24))
Combining (2) and (3) we get that the numerator of P, is less than
Now we estimate V,. Using the inequalities exp(t -t2/2) < 1 + t (t > 01, lie < (1 -tk/(n -k))((n-k)/(fk)) -1
we have that for t > 0, Proof of the Lemma. Let S = { uI, . . . . II,> c R" and let H be a random k-space in R", where k = k(n, E). Let wi be the projection of ui on H, i=l , . . . . n. We denote the event 1 IIwi-wIj12/lIui-uIl12-k/nI>&k/n by E,. Then by the above proposition, Prob(El,) < 2 4 exp( -(k -1)(~~/4 -~~/6)) for i# j.
Hence the probability that E, occurs for some i # j is less than 0 i 2 ,,h exp( -(k -1)(.5'/4 -.z3/6)) < n9j4 exp( -log n914) = 1.
Therefore there exists a k-space H in R" for which i.e.,
(1-c) Iluj-ujll*<(n/k) I/wj-wj/12<(1+~) ilui-uj/12 (i#j).
Hence, lettingf(ui) = $& wi (i= 1, . . . . n), we obtain a desired embedding of S in k-dimension. 1
